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Tensorial x-ray structure factor in smectic liquid crystals

Anne-Marie Levelut and Brigitte Pansu
Laboratoire de Physique des Solides, CNRS/UPS UMR No. 8502, Universite´ Paris–Sud, F-91405 Orsay Ce´dex, France
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The amplitudes and the polarizations of the different resonant reflections characterizing the modulation of
the orientational order in smectic liquid crystals are derived from the molecular tensorial structure factor. In the
case of a commensurate helicoidal modulation, our conclusions are consistent with the previous predictions of
Dimitrienko. We have extended Dimitrienko’s prediction to incommensurate helicoidal structures and to com-
mensurate but nonhelicoidal modulations. We have compared the estimated values for different models of
modulations with the same period, with the experimental data obtained on different smectic-C variants. These
comparisons enable us to discriminate between the different models.@S1063-651X~99!12511-X#
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I. INTRODUCTION

A. The role of the chirality in the polymorphism
of mesogenic molecules

By introducing some chirality into the components of
mesophase, one favors the occurrence of twisting for
which can modify the usual uniform orientational order. F
example, the positional order of the molecules in a nem
phase is that of a usual liquid, but the molecular orientati
are distributed around a preferred axis, the so-called dire
n. In this case, the substitution of chiral molecules for ach
ones does not locally modify the nematic organization,
creates instead an overall helical ordering of the local dir
tor. The helical axis is perpendicular ton and the pitch is
generally in the range of 0.3–10mm. Similarly, in smectic
phases, where rodlike molecules are organized into fl
stacks of planar layers, weak chiral twisting forces induc
helical order with the helical axis parallel to the layer no
mal. Such helical order is only achieved when the direc
possesses a component in the layer plane, i.e., in
smectic-C (SmC) phase, wheren is tilted with respect to the
layer normal. In the helically ordered smectic-C phase, the
tilt angle is the same in all the layers but the direction of
in-plane projection of the director,c, differs by a constant
angleDc from one layer to the next; this structure is call
the chiral smectic-C (SmC* ) phase. In general,Dc is in the
range of65° ~here the different signs indicate the two po
sible senses of helix handedness!. The resulting helical pitch
is in the optical wavelength range. Moreover, the symme
properties of each layer are consistent with the existence
spontaneous polarization parallel to the smectic plane
perpendicular ton @1#. If the pitch is large, it is easy to
unwind the helix by the application of a weak strain, im
posed, for example, by suitable anchoring conditions o
rigid surface or by a weak applied electric field. Then t
sample has a ferroelectric response under moderate ap
electric fields.

If the twisting power is increased, the nature of the m
sophases becomes different. For example, in the nem
phase there is a tendency for developing helical order in
direction perpendicular to the director. This tendency gen
ates a geometrical frustration which is resolved by a th
dimensional network of disclination lines organized on a
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bic lattice, with a lattice constant in the optical waveleng
range@2#. The crystalline character of these phases is resp
sible for the brightly colored appearance of the single cr
tals, from which the designation of ‘‘blue phases’’ is derive

In smectic phases, the competition between a helical
dering developing parallel to the smectic planes and the la
ordering can induce the formation of a periodic array of tw
grain boundaries ~TGB phases! @3#. Starting from a
smectic-A phase, where the director is parallel to the lay
normal, one can obtain a TGBA phase, in which a set
parallel and equidistant grain boundaries divide the sme
structure into equal thickness slabs with smectic A organ
tion. The layer normal of each slab is parallel to the gra
boundaries, but its orientation changes by a constant a
across each grain boundary. Similar TGBC phases exist,
the grain boundaries in these phases are not necessarily
pendicular to the layer planes; moreover an additional hel
ordering around an axis parallel to the layer normal is a
allowed by the local symmetry properties of each smec
slab.

In addition to the above cases, different SmC* variants
with a simple, lamellar SmC-type of structure~Fig. 1! have
been detected by differential scanning microscopy a
electro-optical studies@4#. In these SmC* variants, a transi-
tion to a ferroelectric SmC structure is observed under hig
electric fields, but at lower fields the response is either a
ferroelectric or ferrielectric. This diversity in the electro
optical behavior is certainly related to short-period modu
tions of the direction of spontaneous polarization and of

FIG. 1. Schematic representation of a smectic-C layer with its
symmetry elements~represented by their usual symbols@8#!. The
mirror plane is suppressed if the layer is made of chiral molecu
In this case, the electric dipole is parallel to the binary axis~y!.
6803 © 1999 The American Physical Society
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6804 PRE 60ANNE-MARIE LEVELUT AND BRIGITTE PANSU
orientational order. Finally, a few chiral mesogenic m
ecules exhibit structures that are crystals of defects~the SmQ
phase!, confirming that the orientational order can indeed
modulated over short periods~two to four molecular lengths!
@5#.

B. Methods of structural investigation of chiral mesophases

The structural investigation of chiral phases with a lar
pitch can be performed by diffraction experiments in the v
ible light wavelength range~for the blue phases! @6#, or by a
combination of direct optical observations with x-ra
diffraction studies~for the TGB phases!. In the SmQ phases,
the combination of the short-period and the thre
dimensional character induces a coupling between orie
tional and positional order. Indeed, this is the only ca
where the structure of a short-period chiral mesophase
been solved by conventional x-ray-diffraction method
Apart from one of them (SmCA* ), which has antiferroelectric
properties, thea priori simpler layer structures of the chira
smectic-C variants were not well established until the rece
resonant x-ray-diffraction experiments@7#.

In fact, whereas visible light couples to the orientation
molecules via the local dielectric tensor, conventional x-r
diffraction methods are only sensitive to density modulatio
~in other words, the susceptibility is a scalar quantity!. Be-
cause of this lack of sensitivity to modulation of orientation
order, a short pitch organization~for example in antiferro-
electric phases! is usually invisible by x-ray-diffraction
methods. Let us illustrate this point by considering the c
of crystalline networks with helical symmetry@8#. In some
crystals, the contents of the unit cell can be divided in
smaller identical subunits. These subunits, called asymm
units, are related to one another by an operation product
rotation R and of a translationT. In order to preserve the
periodic nature of the crystalline order, the operation (RT)N

must correspond to an elementary lattice translation. Th
fore, R is a rotation of 2p/N with N52,3,4,6, or a mirror
symmetry (2̄). If the rotation axis is parallel toz, and if C is
the corresponding lattice parameter, the translationT is
nCW /N, wheren is an integer; heren,N. The corresponding
symmetry element is called anonsymmorphic element, glide
plane, or helical axis. The helical axes are labeledNn . As a
consequence of the relationCW (n/N)[2CW (N2n)/N modulo
CW , Nn andNN2n are equivalent but of opposite handedne

In the following discussion we will take the example of a
N1 axis. Perpendicular to thez axis, the crystal is divided
into N sublayers, which are all equivalent modulo a rotati
of 2p/N aroundz. With a scalar structure factor, the diffe
ent sublayers are indistinguishable by an x-ray-diffract
experiment. Therefore, the period alongz appears to beC/N
instead ofC. The corresponding apparent periodicity alo
the reciprocalz axis isNC* , while the apparent periodicity
along any other reciprocal rod parallel toz is not disturbed
by the presence of a nonsymmorphic element. This could
expressed by the following extinction rules:F(0,0,l )50 if
lÞNl8, wherel 8 and l are integers; there are no restrictio
on F(h,k,l ) if h or kÞ0 ~Fig. 2!.

The extinction rules can easily be extended to crys
with incommensurate helical order, as, for example, in cr
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talline phases of polypeptides@9#. In an incommensurate he
lical structure, two colinear periods coexist along thez axis.
The smaller one,C, corresponds to the period of distributio
of the asymmetric subunits, while the larger periodP corre-
sponds to the pitch. There are two kind of nodes in the
ciprocal network: The fundamental nodes (h,k,l ,0) with a
z* coordinatelC* 52p l /C, and the satellites~h,k,l,m! (m
Þ0) with a z* coordinate equal tolC* 12pm/P with
h,k,l,m integers. The helical structure implies no restricti
on F(h,k,l ,m) with h or kÞ0, but F(0,0,l ,m)50 if mÞ0.
Hence, along thez reciprocal axis (h5k50) the period is
2p/C, whereas the pitch periodicity appears only along
ciprocal space directions which are parallel to thez axis but
not coincident with it.

In smectic liquid crystals, there is no correlation betwe
the in-layer~i.e., x-y plane! positions of molecules belongin
to different layers, therefore there are no~h,k,l! reflections
with lÞ0 at the same time thath or kÞ0. Depending on the
intralayer structure, some sharp peaks can be seen in
(h,k,0) reciprocal plane. In any case, the absence of~h,k,l!
reflections makes it impossible to obtain direct evidence~by
conventional x-ray diffraction! of the helical symmetry.
Moreover, in the absence of three-dimensional~3D! period-
icity there is no restriction on the rotation symmetryR ~N can
take any value!.

By operating at an x-ray energy close to an absorpt
edge of one of the atoms in the considered material, we
probing a resonance condition. The coupling between

FIG. 2. Top: example of a tetragonal unit cell with a 41 sym-
metry axis. Bottom: the reciprocalh0l plane; open squares mar
the position of the usually forbidden reflections and full squa
mark the nodes which are observed at any energy.
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PRE 60 6805TENSORIAL X-RAY STRUCTURE FACTOR IN SMECTIC . . .
electromagnetic radiation and the electronic cloud result
a tensorial atomic scattering factor. In other words, the
larization direction and the phase of the scattered wave
pends on the nature and orientation of the bond environm
close to the resonantly scattering atom. Therefore, a mo
lation of orientational order results in diffraction pea
which are otherwise forbidden in a conventional x-ra
diffraction experiment. Such forbidden diffraction pea
have been observed at the BrK edge in a single crystal o
sodium bromate@10#. Moreover, a study of the absorptio
spectra of several other compounds, as well as a cry
structure determination, have been performed using the r
nant scattering technique@11#.

C. Resonant diffraction experiments in smectic-C variants:
A tool for discrimination between different models

In the absence of associated 3D translational order~as is
present in the SmQ phase!, resonant x-ray scattering is
general method that can reveal the short-period orientati
modulations of the molecular director in chiral liquid-cryst
phases. The mesogenic material must contain a suit
atom, that is, one with an accessible resonance energy.
condition was achieved in recent resonant diffraction stud
of the different smectic mesophases by choosing sul
containing mesogens@7#. Our experiments established that
modulation of the orientational order takes place along
layer normal direction. The data were fully consistent w
the presence of a helical symmetry axis of short pitch. T
pitch was close to two-layer thicknesses in the lowe
temperature smecticC* variant, which has antiferroelectri
properties and is denoted SmCA* . The corresponding helica
axis is 21 . At higher temperature, there were two subpha
with ferrielectric properties (SmCFI1* and SmCFI2* ) corre-
sponding to a three-layer and four-layer periodicity, resp
tively, i.e., 31 ~or 32) and 41 ~or 43) axes. The highest
temperature SmC* variant, called SmCa* , had an
incommensurate pitch varying between five and eight la
thicknesses over our temperature window of observat
Our most recent diffraction experiments@12# have both con-
firmed the results reported in our earlier publication and p
vided additional structural information. In particular, w
mention the following.

~i! The polarization of the diffracted beam agreed with
theoretical model of the smectic-C* variants that predicted a
clocklike interlayer rotation of the in-plane projection,c, of
the molecular director@13#.

~ii ! Results from experiments on a second sulf
containing compound~MHDDOPTCOB! have confirmed
our analyses of the first material studied~10OTBBB1M7!
@14#. Specifically, we observed the same structure in b
materials for the SmCA* phase, as well as a four-layer supe
lattice for the unique SmCFI2* phase.

~iii ! In the ~MHDDOPTCOB! compound, the helical or
dering of the SmC* phase was also observed by reson
scattering experiments: the measured pitch was 300 nm

However, while on the one hand the helical clock mod
is consistent with the macroscopic properties of the SmCA*
and the SmCa* phases, on the other hand the optical and
electro-optical properties of the SmCFI* phases are not con
sistent with a perfect helical ordering@4#.
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Different models were previously proposed for the chi
smectic-C variants which fit better with their macroscop
properties. Models based upon a double-layer unit cell
be easily ruled out@15#. However, some proposed models a
based upon a superlattice of three- or four-layer periodic
@16#. These models, which will be described in the sub
quent sections of this paper, are based upon an asymm
unit of two, three, or four layers. Such structures are
confirmed by conventional x-ray-diffraction experimen
~i.e., nonresonant satellites must be seen, while none h
ever been experimentally detected!. However, in order to
rule out definitively these models, we will compare the res
nant and the nonresonant components of the satellite p
associated with these proposed structures. It is importan
realize that these first successful resonant scattering ex
ments demonstrate a novel and unique technique for the
vestigation of chiral materials: phases with orientational
der of very short and intermediate pitch can be studied un
different conditions, including the effect of external strain

In light of the need to determine the most success
model for the chiral smectic-C variant structures, a compar
son between the structure factors of various period
orientational-order superlattices is needed. As a matte
fact, the structure factors of the forbidden reflections h
already been estimated by Dimitrienko@17# for the case of
the crystallographic nonsymmorphic symmetry eleme
~glide plane, 21 , 3n , 4n , and 6n axes!. However, we will
extend Dimitrienko’s formulas to others structures by usin
formalism which was previously applied to the case of v
ible light scattering by blue phases@18#. Therefore, we will
be able to compare different helical structures with one
other. We will also analyze the consequences of introduc
distortion into the helical arrays. Finally, we will refer sp
cifically to the previously proposed models for the smecticC
variants.

A brief overview of our subsequent presentation is as f
lows. In the first part, we consider the structure factor o
single smectic-C layer and discuss the influence of the sym
metry properties of this layer upon the traceless part of
structure factor. Then we develop the general helical mo
In the next section, we compare different models which
all based upon a four-layer unit cell. Finally, we discuss
influence of thermal fluctuations and compare the Deb
Waller factors of the different reflections.

II. TENSORIAL STRUCTURE FACTOR OF A SINGLE
SMECTIC- C LAYER

The atomic scattering factor which links the scatter
electric field to the incident one is analogous to the dielec
tensor@11,17#. Therefore the structure factor is a symmet
cal tensor of rank 2 with nine components. Each termFi j
gives the amplitude of scatteredj-polarized radiation for in-
cident i-polarized radiation. Moreover, the molecular stru
ture factor is a sum of the usual scalar structure factorF,
which takes into account the structure of the whole molec
and of a traceless tensorf i j , which depends only on the
resonant atom and on the orientation of its valence orbi
within the molecule. The two terms vary in different way
close to an absorption edge. WhileuFu decreases in the vicin
ity of the absorption edge, thef i j tensor elements becom
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6806 PRE 60ANNE-MARIE LEVELUT AND BRIGITTE PANSU
nonzero only within a narrow energy band around the re
nant energy. The intensity of the reflections which obey
extinction rules due to the nonsymmorphic symmetry e
ments is proportional touFu2, whereas the intensity of th
forbidden reflections~forbidden in nonresonant conditions!
depends on the individualf i j values. In the following, we
will consider in more detail the traceless tensorial compon
of the structure factor.

A smectic-C layer of nonchiral molecules has two kind
of symmetry elements~Fig. 1!: twofold rotation axes lying
in the median plane of the layer, perpendicular to the direc
n and to the layer normal; and mirror planes perpendicula
the twofold axes. If the smectic layer contains chiral m
ecules, the mirror planes are suppressed. Let us define
of rectangular axes. Thexy plane is parallel to the layer plan
andy is parallel to the twofold axis. A rotation ofp around
y transformsf xy into 2 f xy and f yz into 2 f yz , whereas the
other f i j remain the same. Therefore, for a smectic-C phase,
the resonant component of the structure factor has only t
independent terms:

f%5S f xx 0 f xz

0 f yy 0

f xz 0 2~ f xx1 f yy!
D . ~1!
e

tu
-
e
-

nt

r
o
-
set

ee

As this tensor is unchanged under the mirror symme
operation, the structure factors of the two enantiomers
identical.

The xyz coordinate system linked to the layer is conv
nient for looking at the modification induced by operation
such as a rotation, that act directly on the layer. However
order to compare different phases, coordinates linked to
symmetry axes of the molecule are better. In the smectiC
phase, the molecule has an orthorhombic symmetry, and
tensor in this molecular frame has no off-diagonal terms a
no trace. It reads

f m
%5S 2 f /32D 0 0

0 2 f /31D 0

0 0 2 f /3
D . ~2!

2 f /3 is the component along the directorn and D mea-
sures the anisotropy in the plane perpendicular ton. At the
SmC-SmA transitionD→0. In order to return to the refer
ence coordinates~xyz! attached to the layer, we have to app
a rotation around they axis of angle2b ~b is the tilt angle
and goes to 0 in the SmA phase!. Then
f%5S ~2 f /3!2~ f 1D!cos2 b 0 1
2 ~ f 1D!sin 2b

0 2 f /31D 0

1
2 ~ f 1D!sin 2b 0 ~2 f /3!2~ f 1D!sin2 b

D . ~3!
if-

the

if-
unit
a

on
ted

nes
In order to compare the structure factor of a sequenc
smectic-C layers related to each other by a rotation aroundz,
it is convenient to use a basis of five tensors:

h05S 21 0 0

0 21 0

0 0 2
D , h15S 0 0 1

0 0 i

1 i 0
D ,

h25S 1 i 0

i 21 0

0 0 0
D , h215h1* , h225h2* . ~4a!

A rotation ofc aroundz results in a simple multiplication
of these basis tensors by a complex number:

hs→eischs . ~4b!

Furthermore, in terms of these basis tensors, the struc
factor of the smectic-C layer becomes
of

re

f%5 (
s522

s52

ashs

with

a0521/2~ f xx1 f yy!5 f /321/2~ f 1D!sin2 b,
~5!

a15a215 f xz/251/4~ f 1D!sin 2b,

a25a2251/4~ f xx2 f yy!51/4$~ f 1D!sin2 b22D%.

It is clear that the structure factors of smectic layers d
fering only by the direction of the projection ofn onto the
layer plane~c! are easy to estimate using the properties of
basis tensors~4a!.

Finally, we have to define the polarization of the d
fracted beam. The amplitude of a scattered wave with a
polarization vectoreWd , produced by an incident beam with
unit vector of polarizationeW i , is A0eWd• f%eW i , whereA0 is a
constant factor which depends on the sample volume and
the amplitude of the incident beam. As we are only interes
in relative amplitudes, we will ignore the termA0 in the
following discussion. In a scattering experiment, one defi
the polarization by means of the unit vectorssW andpW , which
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are, respectively, perpendicular and parallel to the scatte
plane ~the plane defined by the incident and the scatte
beams!. With a sW -polarized incident beam, the two comp
nents of the diffracted beam areAss5sW d• f%sW i and Aps

5pW d• f%sW i , whereas with apW polarized incident beam th
two components of the diffracted beam areApp5pW d• f%pW i

and Asp5sW d• f%pW i , wheresW i5sW d5sW , and pW i and pW d are
the unit vectors of polarization for the incident and the d
fracted beams. In a layered structure~Fig. 3!, the scattering
plane for Bragg reflections contains the layer normal~z axis!.
The components of the unit polarization vectors depend
the Bragg angleu and on the anglef between the scatterin
plane and thex direction, which is defined to be coinciden
with the in-plane projector of the director,c. Specifically,

sW 5S sinf
cosf

0
D , pW i5S sinu cosf

2sinu sinf
cosu

D ,

pW d5S 2sinu cosf
sinu sinf

cosu
D .

Introducing the decomposition off% into five components
gives

sW •h0sW 51, pW d•h0pW i511cos2 u,

sW •h0pW i5pW d•h0sW 50,

sW •h61sW 5pW d•h61pW i50,

FIG. 3. Schematic representation of a diffraction experime
The incident and scattered beams~dotted thick arrows! are in the
plane of the figure;f defines the orientation of the diffraction plan
with respect to the sample axesx and z; the scattering vectorq is
parallel toz; u is the Bragg angle.
g
d

n

sW •h61pW i5pW d•h61sW 56 i cosu exp~7 if!,
~6!

sW •h62sW 52exp~72if!,

pW d•h62pW i52sin2u exp~72if!,

sW •h62pW i52pW d•h62sW 56 i sinu exp~72if!.

III. RESONANT STRUCTURE FACTOR OF HELICAL
STRUCTURES

A. Stacks of smectic-C layers

A helical structure is defined~Fig. 4! by the angle of
rotation between two successive layers 2p/n, wheren is the
ratio between the pitchP and the layer thicknessd. We con-
sider the case of the scattering vectorQW (h,k,l 8) parallel toz
(h5k50). Introducingl 1(m/n)5 l 8, and droppingh andk
in a simplified notation, the modulusQ( l ,m) of the scatter-
ing vector readsQ( l ,m)52p/d@ l 1(m/n)#, where 2p/d is
the unit reciprocal length parallel toz. The diffracted ampli-
tude for a sample ofN layers is

t.

FIG. 4. Helical order in a smectic-C structure.
NFhel~ l ,m!5(
j

e2p i j @ l 1~m/n!#@a0h01a1~h1e2p i j /n1h21e22p i j /n!1a2~h2e4p i j /n1h% 22e24p i j /n!#

5a0h0(
j

e2p i j @ l 1~m/n!#1a1h1(
j

e2p i j @ l 1~m11/n!#1a1h21(
j

e2p i j @ l 1~m21/n!#

1a2h2(
j

e2p i j @ l 1~m12/n!#1a2h22(
j

e2p i j @ l 1~m22/n!#,
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6808 PRE 60ANNE-MARIE LEVELUT AND BRIGITTE PANSU
wherej is the index of a specific layer. For large values ofN
the different sums are equal to zero except if the phase
ference between the different terms of the sum is a mult
of 2p. For a noninteger value ofn (n.1), this condition is
fulfilled only if l andm are integers withm<2; m50 cor-
responds to fundamental reflections. Consequently only
satellites are seen, two on each side of a fundamental p
Moreover, each peak depends on only one componenth i .
The amplitude of the first-order satellites,m51 and21, is
described by theh21 and theh1 components, respectively
the amplitude of the second-order satellites,m52 and22, is
described by theh22 and theh2 components, respectively

fundamental reflections: Fhel~ l ,0!5a0h0 ,

first-order satellites: Fhel~ l ,61!5a1h71 , ~7!

second-order satellites:Fhel~ l ,62!5a2h72 .

A synchrotron radiation source, such as the one used for
experiments, producesx rays linearly polarized in the elec
tron orbit plane~which is horizontal!. We also note that the
layer thickness of a SmC phase is of the order of 3–4 nm
and even at lowx-ray energy the Bragg angleu is low (u
<10°). Altogether the best geometry is to have a verti
scattering plane, meaning in this case an incidentsW -polarized
beam. Taking this into account, we have derived the po
ization of the different resonant satellites as well as th
relative intensity. The first-order satellites arepW polarized;
the diffracted beam for casem562 has an elliptical polar-
ization, but the ratio of thepW amplitude to thesW amplitude is
sinu, which means that for smallu the beam is close to bein
sW -polarized. The traceless part of the structure factor cont
utes to the fundamental reflections but does not change
polarization of the reflected beam. In fact, the scalar com
nent of the structure factorF also depends on the energy
the incident beam when this energy approaches an abs
tion edge. Therefore, the intensity of the fundamental refl
tions has a complex dependence on the energy, which
will not consider in the following discussion.
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The intensities of the satellites do not depend on the p
value except forn52, 3, or 4, when the amplitudes at
given resonant peak actually result from a combination
different m value reflections. Moreover, changing the han
edness of the helix modifies the phases without changing
intensity of the different satellites. Taking into account Eq
~5!–~7!, the relation between the satellite intensities~assum-
ing a sW -polarized incident beam! and the molecular param
etersf, D, andb is as follows.

~a! General case(nÞ2, 3, or 4!. The amplitudes are in-
dependent off, the angle between the scattering plane a
the in-plane projection of the molecular director,

I l ,615 1
16 ~ f 1D!2 sin2 2b cos2 u,

~8!
I l ,625 1

16 @~ f 2D!2~ f 1D!cos2 b#2~11sin2 u!.

~b! 21 helical axis(n52). Them561 reflections occur
at the same wave vectors so their two amplitudes are c
bined and the sum depends on the anglef. Assuming a
random distribution off, which is defined modulop,
through the irradiated sample volume, one obtains

I l ,15
1
4 ~ f 1D!2 sin2 2b cos2 u^sin2 f&

5 1
8 ~ f 1D!2 sin2 2b cos2 u.

Notice that them562 terms give apW component at the
fundamental reflection position. However, this componen
very weak compared to the component, which results fr
the superposition of the dominantm50 (sW -polarized! scalar
and them562 sW -polarized resonant components.

~c! 31 helical axis (n53). The reflections form511
and22, or m521 and12, occur at the same wave vecto
and are added. The reflected beam has two componensW
andpW . For m511,

Fss5 1
4 @~ f 2D!2~ f 1D!e62if#

and
Fsp5
2 i

4
@~ f 2D!2~ f 1D!cos2 b#sinue62if1

i

4
~ f 1D!sin 2b cosue7 if,

I l ,615 1
16 $@~ f 2D!2~ f 1D!cos2 b#2~11sin2u!1~ f 1D!2 sin2 2b cos2u%

1 1
32 sin 2u H ^cos 3f&sin 2b Re@~ f 2D!2~ f 1D!cos2b#~ f 1D!*

6^sin 3f&sin 2b Im@~ f 2D!2~ f 1D!cos2b#~ f 1D!* J .
With the assumption of a random distribution off between 0
and 2p/3,

I l ,615 1
16 $@~ f 2D!21~ f 1D!cos2 b#2~11sin2 u!

1~ f 1D!2 sin2 2b cos2 u%.

~d! 41 helical axis(n54). The general formula applie
to them561 satellites yields
I l ,615 1
16 ~ f 1D!2 sin22b cos2 u.

The componentsm512 and 22 both contribute to the
second-order satellite:

I l ,625 1
4 @~ f 2D!2~ f 1D!cos2 b#2~^cos2 2f&

1^sin2 2f&sin2 u!.
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And if f is distributed at random (0<f,p/2),

I l ,625 1
8 @~ f 2D!2~ f 1D!cos2b#2~11sin2u!.

In any helical structure, the intensities of the satellites,
summarized in Table I and in Fig. 5, can be compared to
satellite intensities observable from an incommensurate h
cal array, these intensities~general case! being labeled here
as I l ,1 and I l ,2 .

If the different SmC variants correspond to different he
lical superlattices, the intensities of the satellites remain
same, provided that the molecular conformation~and orien-
tation of the resonant atom within the molecule! is the same
in the different variants.

B. Other examples of helical mesophases

The expression of the structure factor for a helical ar
can be extended to the case of other helical structures,
as the cholesteric and the TGBA mesophases.

In the TGBA phase, there is up to now no clear eviden
of any density modulation in a direction parallel to the he
cal axis@19#. However, there are periodic discontinuities
the orientation of the molecules at each grain boundary.
overall structure of the TGBA phase is that of a smecticC
phase where the grain boundaries are the layers and th
rector, which is the vector normal to the local slab
smectic-A layers, is parallel to the grain boundariesß
5p/2). In the smectic-A phase, the molecule has a uniax
symmetry, which is reflected in the molecular structure f
tor (D50). Therefore, if we express the structure factor o
TGBA grain in thehs basisf%5Ss522

s52 ashs , then

a05
f

3
2 1

2 ~ f 1D!sin2 b5
f

6
, a15a215 1

4 ~ f 1D!sin 2b50,

a25a225 1
4 ~ f 1D!sin2 b5

f

4
.

It follows from Eq. ~7! that in principle there are two
kinds of resonant reflections.

~i! For Q52p/L, whereL is the distance between tw
grain boundaries, the structure factor of fundamental refl
tions isF% l5h0*0

Ldz eiQzr r(z), where the helical TGBA axis
is coincident with thez axis andr r(z) is the density of reso-
nant atoms through a TGBA grain.For a constant density o
resonant atoms the intensity of the fundamental reflection
zero.

~ii ! On each side of a fundamental reflection there is o
satellite for Q52p( l /L62/P) ~here P is the pitch of the

TABLE I. Comparison of the satellite intensities for differe
helical structures, assuming a collection of domains giving a r
dom distribution of azimuthal angles.I l ,1 andI l ,2 are given by Eqs.
~8!.

umu 21 31 or 32 41 or 43 general

1 2I l ,1 I l ,11I l ,2 I l ,1 I l ,1

2a I l ,11I l ,2 2I l ,2 I l ,2

aFor 31 and 32 helical axesm52 is equivalent tom521.
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helical array!. The structure factor of the satellitesFl ,62
%

5h72*0
Ldz ei @Qz12c(z)#r r(z) depends on the profilec(z) of

the director orientations along the pitch direction@Fig. 6~a!#.
It is interesting to discuss the limiting case wherec(z) is
constant throughout the total lengthL of the grain, corre-
sponding thus to abrupt grain boundaries. This case
equivalent to that of the smectic-C variants discussed in Sec
II A. However, instead of being located in narrow subse
tions like smectic layers, the resonant atoms are homo
neously distributed through the grain@r r(z) is constant#. The
structure factor of the satellite is then~neglecting a phase

factor! Fl ,62
% 5h72@2 sin(QL/2)/QL#. The structure factor

cancels forQ52p/L and forL/P!1; the satellites’ inten-
sity is weak.

~iii ! The other limiting case corresponds toc(z)
52pz/P, that is, to the cholesteric phase. The grain bou
aries disappear with the smectic layering, and one obse

FIG. 5. Position and intensities of satellites for helical smec
phases with different pitches. From top to bottom, incommensu
pitch, four-, three-, and two-layer pitches;q052p/d, whered is the
layer thickness.
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only two peaks for Q564p/P; their intensity is I s

5 f 2/16(11sin2 u)ur̃u @Fig. 6~b!#.

IV. STRUCTURE FACTOR OF DIFFERENT MODELS
BASED ON A FOUR-LAYER REPEAT UNIT

A. Description of the different models

It is clear that the clock model is consistent with the e
periments performed on the smectic-C variants of the two
studied sulfur-containing compounds. However, we m
also discuss how selective the experiments are in term
differentiating between the various proposed structures.

The basic unit of all the models is the SmC layer. The
repeating units are stacks of SmC layers, all having, in the
first approximation, the same molecular tilt angle with r
spect to the layer normal. The different layers within t
common repeat unit differ only by the orientation of thec
director. It is obvious that the number of possible stack
sequences increases rapidly with size of the repeat unit.

We can note at this point in the discussion that the clo
model is confirmed by optical observations in the two ca
when the pitch is either close to twice the layer periodicity
larger than four layers. That is, respectively,~i! for the anti-
ferroelectric phase both in chiral and racemic mixtures@20#,
~ii ! for the SmCa* phase, where the pitch derived from op
cal observations made on the same compo
~10OTBBB1M7! is consistent with thex-ray data@21#.

On the other hand, in the ferriphases, the presence of1
or 41 helical axis gives uniaxial optical properties to th
basic repeat unit, and consequently the rotary power mus
very low, which is not consistent with the experimental da

In the following comparison section, we will conside
only models based upon a four-layer repeat unit. In fact,
diffraction experiments made to date have revealed the e

FIG. 6. Schematic representation of the satellites in the TG
~a! and cholesteric phases~b!; L is the intergrain boundaries dis
tance; the satellites positions areq52p( l /L62/P), whereP is the
pitch of the helix.
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tence of defects in the three-layer ferrielectric pha
(SmCFI1* ), since the resonant satellite peaks show a comp
structure with several side bands. Moreover, the three-la
structure appears only in the 10OTBBB1M7 compoun
whereas the four-layer ferrielectric phase is present in b
of the compounds studied~i.e., in MHDDOPTCOB as well!.
In the four-layer ferrielectric phase the satellite peaks
sharp and without side bands except close to the transitio
the next lower temperature mesophase range. Lastly,
also easier to discriminate between the different models
the basis of the polarization selection rules for a four-la
structure than for a three-layer one.

The models described in the literature are of two class
In the first class, the electric response of each phase is
counted for by an array of parallel or antiparallel layer d
poles ~Ising models! @16#. These Ising-like models are de
scribed by a sequence of azimuthal anglesc i having the two
values 0 andp. There are two different possible four-laye
sequences~0,0,p,p! and ~0,0,0,p!. These two structures ca
be found using Landau equations for the energy in the fra
of the axial next-nearest neighbor Ising~ANNI ! @16# model.
Each of them belongs to a different sequence of Ising-l
structures depending on the external parameter which ge
ates the sequence. For the first sequence, this is the tem
ture, and for the second it is an applied electric field. In
following discussion we will designate these two models
‘‘ T Ising’’ for the first described thermal phase sequence
‘‘ E Ising’’ for the second field-induced sequence~Fig. 7!.

The second class of models corresponds to distorted c
models. With an even number of layers (n52n) one can
propose a symmetric sequence of angles: 2p j /n
2d/2(21) jd/2, with 0< j <2n21. For n52, the total di-
pole per unit cell is nonzero and depends on the angled. In
fact, a two-layer distorted clock model was proposed for
ferrielectric phase@15#. However, the two layers correspon
to each other by a glide mirror so that the symmetry is

A

FIG. 7. Different models of two- and four-layer structures. T
direction ofn ~top! andc ~bottom! are represented in four succe
sive layers for the clock model~A! @13#, theT Ising model~B!, and
the E Ising model~C! @16#, or in two layers for the distorted two
layer clock model@15#.
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consistent with the obvious chiral properties of the ferriel
tric phases. Forn54, among the different models discuss
by Lorman @13b#, one of them corresponds to a distort
clock model~constant tilt angle!. The sequence of azimutha
angles in this distorted clock model is~Fig. 8! (0,p/2
2d,p,3p/22d). The structure has a 21 symmetry, with a
double-layer asymmetric unit, which corresponds, in fact
the distorted two-layer model. Moreover, the four-layerT
Ising model is a particular case of the distorted clock mo
with d5p/2. Finally, the four-layerE Ising model can be
considered as a particular class of distorted clock mod
where the distortion is induced by a polar stress such as
resulting from an applied dc electric field.

B. Structure factor of distorted four-layer clock models

In a four-layer superlattice there are three kinds of pea
the fundamental peaks and the satellites of first and sec
order. The corresponding reciprocal vector lengths are,
spectively,

uQu5
2p l

d
, uQu5

2p

d
~ l 6 1

4 !, uQu5
2p

d
~ l 1 1

2 !,

whered is the layer spacing andl is an integer. In this sec
tion, for convenience, we will either refer to the reflectio
by their ~l, m! designation or by the equivalentQ/Q0 nota-
tion (Q052p/d). In other words, the~l, 61! reflections will
also be referred to asl 6 1

4 reflections and the~l, 2! reflec-
tions will also be referred to asl 1 1

2 reflections. We will not
discuss the fundamental peaks, the intensity of which
dominated by the scalar component of the structure fac
For a sequence of azimuthal angles (0,c1 ,c2 ,c3), the first-
order satellites’ structure factor~per layer! is

Fl ,1
%5Fl ,21*% 5

a1

4
$h1~11 ieic12eic22 ieic3!1h21~1

1 ie2 ic12e2 ic22 ie2 ic3!%1
a2

4
$h2~11 ie2ic12e2ic2

2 ie2ic3!1h22~11 ie22ic12e22ic22 ie22ic3!%

and the second-order satellites’ structure factor is

Fl ,2
%5H a1

4
h1~12eic11eic22eic3!1

a2

4
h2~12e2ic11e2ic2

2e2ic3!J 1$c.c.%.

In the distorted helix, the 21 symmetry implies thatc1

5p/22d, c25p, and c35p1c1 . Then in Fl ,1
% the h62

components cancel, whereas inFl ,2
% it is theh61 components

which disappear. Therefore, introducing a distortion in
helical array while keeping a 21 symmetry does not modify
the polarization state of the satellites,

Fl ,1
%5 1

2 a1$h1@12exp~2 id!#1h21@11exp~1 id!#%,
~9!

Fl ,2
%5 1

2 a2$h2@11exp~22id!#1h22@11exp~2id!#%.
-
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Applying the same assumption about the geometry of
diffraction experiments as in the preceding section, we
derive the satellites’ intensities from Eqs.~5!, ~6!, and~8!:

I l ,15^ua1@cosu sinf1 i cosu cos~f1d!#u2&

5a1
2 cos2 u^sin2 f1cos2~f2d!&,

I s l ,25^ua2 @cos 2f1cos 2~f1d!#u2&

54a2
2 cos2d^cos2~2f1d!&,

I p l ,254a2sin2ucos2d^sin2~2f1d!&

assuming a random distribution off between 0 andp,

I l ,15a1
2 cos2 u5 1

16 ~ f 1D!2 sin22bcos2u,

I l ,252a2
2 cos2d~11sin2u!

5 1
8 cos2d~11sin2u!@~ f 2D!2~ f 1D!cos2b#2.

From the above expressions, it is clear that the intensit
the first-order satellites is independent of the angled, which
measures the amplitude of distortion, whereas the inten
of the second-order satellites decreases as cos2 d. For d50,
the helical order is perfect and the structure factors are
described in Table I. For theT Ising model (d5p/2) there is
no resonant peak at the halfway point between two fun
mental peaks.

The introduction of some distortion in the 41 helical order
breaks the initial symmetry. Consequently the four molecu
layers which are in the same unit cell will have differe
electronic density profiles and the satellites will have a n
resonant component. In the model presented here, with1
symmetry axis, the nonresonant component is forbidden
odd reflections, that is, for first-order satellites. The nonre
nant part of the second-order satellites will likely increa
with the amplitude of the distortion. However, it is difficu
to estimate the nonresonant contribution to the second-o
satellite. In order to measure this contribution, it will be i
teresting to follow the intensity of the satellite peaks wh
applying a uniaxial strain compatible with the symmetry
the distortion. For example, a distortion induced by a m
chanical strain or a high-frequency ac electric field, appl
perpendicularly to the helical axis, would both retain the1
symmetry axis.

The influence of a dc applied electric field results in a le
symmetrical model~Fig. 8!. Assuming that the electric field
is parallel to they axis, the sequence (0,p/2,p,3p/2) of a
perfect helical array might transform itself into the sequen
(0,p/22d,p,3p/21d). The E Ising model corresponds to
d5p/2. As there is no symmetry element parallel toz, non-
resonant components must be observed forl 6 1

4 and l 1 1
2 .

There are also resonant components which are

Fl ,1
%5 1

2 a1$h1@12cosd#1h21@11cosd#%

1 1
2 a2~2h21h22!sin 2d,

~10!

Fl ,2
%52 1

2 a1~h11h21!sind1 1
2 a2~h21h22!~11cos 2d!.
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The two satellites have bothsW andpW components, excep
for the limit cases, i.e., ford50 andd5p/2. In our experi-
mental data, the first-order satellites arepW -polarized and the
second-order satellites aresW -polarized. In fact, it is the term
in (h121h22) that contributes to thesW -polarized reflected
beam. Forl 6 1

4 , this term cancels ford50 andd5p/2; it
reaches its maximum value ford5p/4. At the same time, for
l 1 1

2 , the (h121h22) coefficient is maximum ford50 and
cancels ford5p/2, whereas the (h111h21) term has the
reverse behavior. Therefore, a measure of the polarizatio
the second-order satellite is a good test for the study of
entational distortions. In particular, theE Ising structure will
give pW -polarized satellites of equal intensity forl 6 1

4 and l
1 1

2 .
If we assume that the electric field imposes a unifo

orientation of thec director for each layer, then the satelli
intensity depends on the anglef between the electric field
and the normal to the scattering plane~Fig. 8!. Let us give
the intensity for two extreme positions of the electric fie
that is, parallel or perpendicular to the scattering planef
50,

I ss~ l 1 1
4 !50,

I ps~ l 1 1
4 !5 1

16 cos2u~ f 1D!2 sin22b cos2d,

I ss~ l 1 1
2 !5S f 1D

2
sin2b2D D 2

cos4d,

I ps~ l 1 1
2 !50,

f5p/2,

I ss~ l 1 1
4 !50, I ps~ l 1 1

4 !5 1
16 cos2u~ f 1D!2 sin22b,

FIG. 8. Effect of a compression~A! or of an electric field~B! on
the four-layer clock model~the representation conventions are t
same in Figs. 7 and 8!.
of
i-

,

I ss~ l 1 1
2 !5S f 1D

2
sin2b2D D 2

cos4d, I ps~ l 1 1
2 !

5 1
16 cos2u~ f 1D!2 sin22b sin2d.

It follows, then, that cos2 d, which indicates the amplitude o
the distortion, can be obtained by measuring the inten
dependence of theI ps( l 6 1

4 ) reflections as the direction o
the scattering plane is varied with respect to the direction
the applied electric field.

Finally, it is easy to deduce the structure factor of t
Lorman model from Eqs.~10! by considering the two-laye
sequence (p/22d,3p/21d) derived from the preceding
four-layer structure distorted by an electric field. The fir
order satellite is located at a halfway position between t
fundamental peaks and, neglecting the phase factor,Fl ,1

%
5a1(h12h21)cosd1a2(h22h22)sin 2d. The structure fac-
tor cancels ford5p/2, that is, in the SmC phase. In the
antiferroelectric phase (d50), the reflected beam is
pW -polarized. The maximum amplitude of thesW component is
observed ford5p/4, that is, at the intermediate positio
between these two extremes.

It is clear that it is easy to discriminate between the d
ferent models by measuring the state of polarization of
different diffracted beams.

Another interesting point is the comparison of satell
intensities between phases of the same compound but
different superlattice periodicity. Such a comparison c
bring to light the effects of conformational changes. It
particularly important to take into account the effect of the
mal fluctuations upon the structure factor.

C. Influence of thermal fluctuations

The thermal fluctuations, specific to resonant scatter
are of two kinds.

In the first type of fluctuations, thez coordinate of the
resonant atom deviates from its equilibrium position and
amplitude of this fluctuations increases with the temperatu
The consequence is the existence of a Debye-Waller~DW!
factor which multiplies the diffracted intensity otherwise o
tained without fluctuations. Consequently, the intensity
creases as the reciprocal vector length increases. Howe
we must discriminate between the global DW factor, whi
takes into account fluctuations of all the atoms, and the D
factor, which is specific to the resonant atom. The first is
DW factor for the fundamental reflections, whereas the s
ond one is appropriate for the resonant peaks.

Furthermore, the binary axis of the molecule is a con
quence of an orientational disorder of the molecular direc
~i.e., no preferred ‘‘up’’ or ‘‘down’’ direction!. If the reso-
nant atom is far from the center of mass of the molecule,
has to consider that there are in fact two types of reson
atoms ~each one contributing half of the atomic structu
factor!, one on each side of the median plane of the sme
layer. In such a case the satellite intensity has a sinuso
dependence inQ and goes to zero forQ5p/(2z0), wherez0
measures the distance between the resonant atom an
center of mass of the molecule. Ifz0 is large compared to the
amplitude of fluctuations, the intensity of satellites with t
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samem value will show a sinusoidal dependence versus
scattering vector length.

The second type of fluctuation involves changes in thc
director. These fluctuations affect only the traceless com
nent of the structure factor. In particular, the fluctuations
the c director modify the structure factor of the layers.

In order to understand this effect, consider a smectiC
layer with thec director parallel tox. A rotation aroundz of
amplitude g transforms f%5Ss522

s52 ashs into f g
%

5Ss522
s52 eisgashs . The mean structure factor is

^ f% &5a0h01a1^cosg&~h11h21!1a2^cos 2g&~h21h22!.

For small-amplitude fluctuations we use the approximatio

^cosg&'12
^g2&

2
'e21/2̂ g2&.

The orientational fluctuations of thec director do not
changea0 . a1 is reduced by a factore21/2̂ g2& and a2 by a
factor e22^g2&. This difference in the behavior of the differ
entas coefficients is reflected in the temperature depende
of the ratioI l ,2 /I l ,1 of the intensity of the second-order sa
ellite to that of the first one. For example, in a helical arra
the fluctuations of the azimuthal angle reduce the ratio b
factor e23/2̂ g2&, whereas in theE Ising model this ratio is
temperature independent.

The decay of Bragg peak intensity induced by therm
fluctuations is balanced by the diffuse scattered intensity
between these peaks. The thermal diffuse background du
orientational fluctuations of thec director has a peculiar de
pendence on both the energy of the radiation and on
magnitude of the scattering vectorQ. Specifically, the inten-
sity of the resonant scattering background vanishes out
of a narrow band of energy surrounding the absorpt
threshold. Moreover, the scattering factor depends on the
entation and therefore orientational fluctuations are simila
fluctuations of chemical composition. The intensity is, in t
first approximation, independent ofQ, whereas the usua
thermal scattering intensity is proportional toQ2.

V. CONCLUSIONS

In liquid crystals, a periodic modulation of orientation
order is not necessarily coupled to a density modulati
Among chiral smectic-C variants, differences in their ob
served electro-optical behavior originate in differences in
structure of modulations of thec director in a direction nor-
mal to the smectic planes. Resonantx-ray-scattering experi-
ments are able to reveal these orientational modulatio
Each structure is characterized by the positions, the inte
ties, and the polarizations of the resonant diffraction pea
These characteristics depend on the molecular tens
structure factor. In order to discriminate between differe
models, we have extended the theory of resonant scatte
developed for crystals@17#. When the traceless part of th
structure factor is decomposed in a basis of five tens
which transform simply by a rotation around the layer n
mal, then it is straightforward to predict the structure fac
for any of the SmC* variant models proposed to date.

The simplest model of orientational modulation is t
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clock model@13# in which Dc, the angle between thec di-
rector of two adjacent smectic layers, is constant. In t
model there is no restriction upon the period of the orien
tional order, which could be commensurate or incommen
rate with respect to the layer periodicity. The fundamen
( l ,m50) reflections~coming from the layer periodicity! are
surrounded on each side by two satellites with indicesm5
61 and62. The intensity is independent of the period of t
clock model and them561 diffracted and incident beam
are cross-polarized relative to one another.

Let us compare the theoretical predictions to the exp
mental data@7,12#: A complete series of data, including th
state of polarization of the resonant peaks, has been obta
from a chiral compound 10OTBBB1M7@14#. Four different
phases have been studied. All the observed peaks, ex
those corresponding to the layer structure, disappear if
moves away from the resonance energy. It is easy to c
pare the measured position of the observed resonant p
with the schematic view shown in Fig. 5. The period of t
helical structure is close to twice the layer periodicity in t
SmCA* mesophase. Them561 satellites are visible, but we
could not see them562 satellites, which should appear a
side bands around the fundamental reflections. The incid
beam issW -polarized and polarization measurements pro
the pW state of them561 satellites. On heating the com
pound 10OTBBB1M7, the helical period jumps from 2 to
in the SmCFI1* phase and from 3 to 4 in the SmCFI2* phase.
The period of the helical order appears to be commensu
~within our experimental resolution!. In the SmCFI1* phase,
each resonant peak is a combination of theh61 and of the
h72 components; however, the satellites are in practice
most completelypW -polarized. In the SmCFI2* phase the (l ,2)
and (l 11,22) components add to one another in a uniq
sW -polarized peak; its intensity is about one order of mag
tude lower than that of them561 peaks, which are
pW -polarized. At higher temperature, we enter into the SmCa*
phase where only one satellite is observed, which
pW -polarized. In this phase, the period of the helical arr
varies from 5 to 8 continuously.

All these data are consistent with a clock model. T
relative intensities of the two kinds of satellites are also
keeping with the clock model: in the SmCFI2* phase, them
52 satellites’ intensity is weak, and they aresW -polarized.
The samem562 satellites are not visible in the vicinity o
the fundamental reflections in the SmCA* phase, because o
their low intensity. In the SmCa* phase, the absence ofm5
62 satellites is likely a consequence of large-amplitude fl
tuations of thec director. In the SmCFI1* phase, thepW polar-
ization of the satellites is also a consequence of the w
intensity of thesW -polarizedh72 term.

The different phase transitions correspond to jumps of
helical periodicity~that is, the period of the clock model!.
The helical periodicity is incommensurate with respect to
layer thickness in the SmCA* and in the SmCa* phases. In
SmCA* , Dc, the per-layer increment angle of the directorc,
is equal to6p(122«). The value of« which is derived
from the splitting between the~1,2! and the~2,22! peaks is
consistent with the value of the apparent optical pitch,P0

5d/« @22#, where d is the layer thickness. In the SmCa*
phase as well, the helical pitch values agree with the opt
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observations@21#. In the two ferriphases there is no appare
discommensuration. Furthermore, the SmCA phase of a race
mic mixture has a helical periodicity of exactly two layer
which is consistent with the absence of chirality. Moreov
the satellitesm561 arepW -polarized, proving that the struc
ture of the racemic mixture is identical to that of the enan
omer. The distorted two-layer model@15# does not apply to
the racemic SmCA phase.

The experiments performed on the compou
MHDDOPTCOB @14# give similar results. The compoun
has SmCA* , SmCFI1* , and SmC* phases. The difference i
the position of the sulfur atoms in the two studied materi
results in a difference in satellite intensities relative to tha
the fundamental reflections. For MHDDOPTCOB in th
SmCFI1* phase, the period of the helical array is close to fo
but the~1,2! and the~2,22! satellites are clearly separated,
least close to the upper and lower limits~in temperature! of
the phase.

For three different smectic-C variants, SmCA* , SmC* ,
and SmCa* , resonant scattering experiments confirm the
lical structures~clock model!, which were previously de-
duced from various optical observations. For the SmCFI*
phases, our observations are also consistent with the c
model. It remains for us to check that this model is the o
one which fits with the data. The discussion is not so ob
ous, at least for the SmCFI1* case: we have only one examp
of this phase, moreover the satellites present a substruc
which is not yet understood. Furthermore, the polarizat
studies are not selective with respect to different propo
three-layer models.

For SmCFI2* , it is easier to discriminate between the d
ferent models based upon a four-layer superlattice. From
experimental point of view, we have two examples of th
phase, one giving some evidence of a discommensurate
riod, even though it remains very close to 4. Furthermore,
different peaks (m50,1,2) are well-separated from eac
other and lack detailed substructure; consequently, they
easy to characterize.

Let us first consider a period of exactly four layers. T
Ising models do not fit with our observations. In theT Ising
model there is no resonant peak form52 and moreover the
symmetry implies a nonresonant peak at this position, wh
we do not see. For theE Ising model, them52 peak must be
pW -polarized and a nonresonant component will be presen
each position. Experimentally, them52 satellite has only a
resonantcomponent, which issW -polarized. The results thus
contradict both Ising models.

A polar distortion of the helical array will modify the
polarization state of the satellites and can therefore be ea
ruled out. A nonpolar distortion applied to the four-lay
clock model does not modify the polarization of the reson
peaks. However, the intensity of them52 resonant compo
nent decreases as the distortion increases and cancels fo
T Ising model. For a commensurate four-layer structure, i
necessary to compare the intensity of equivalent peaks in
phases of different periods in order to detect the presenc
apolar distortions; for example, one can consider that
SmCA* and the SmC* phases are not distorted. However, w
do not yet have sufficient information about these intensit
The maximum and the width of each peak have to be m
t
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sured with more accuracy. Moreover, we must measure
influence of the partition of the resonant atoms inside a la
upon the intensities of the resonant peaks. Therefore,
necessary to measure the intensities for different values
but the samem value.

Finally, it is interesting to see how the distorted mode
can accommodate incommensurability such as was meas
in the SmCFI2* phase of MHDDOPTCOB. The distorted mod
els are intrinsically commensurate models. It is possible
add a global chirality by keeping the original unit of a sm
integer number of layers~for example, four layers! and to
apply chirality to the superlattice unit cell. The sequen
is then 0,p/22d,p,3p/22d,c,p/22d1c,p1c,3p/22d
1c,2c,p/22d12c,p12c,3p/22d12c,...(ucu!udu). In
this sequence a third periodicity is introduced so that t
extra side peaks will be added on each side of each reso
peak~fundamental and satellites!. This is not consistent with
the experimental diffraction pattern of the ferri-II phase
MHDDOPTCOB ~Fig. 9!. In fact, the mean rotation angl
between the layerj, and the layerj 14 is different from 2p
as shown by the observed splitting of the~l ,2! and (l 11,
22) satellites.

A slight distortion of the perfect incommensurate helic
order would correspond to the following sequence: 0,p/2
1a1c,p1a2c,3p/21a3c,2p1c,... ~with a jÞ j /4). This
is equivalent to 0,p/21d1 ,p1d2,3p/21d3,2p1d4 ,...,
where there is no relation betweend j andd j 11 or d j 12 , as is
the case for a perfect incommensurate helicoidal axis o
there is a 21 symmetry. Therefore there does not exist a fix
angular difference (d j 142d j )5c between any layerj and
the layerj 14 in the whole sample. In other words, the co
relation length of a distorted incommensurate helical str
ture is limited byDc fluctuations.

Alternatively, the discommensuration might result fro
the introduction, at random, of defect layers in a commen

FIG. 9. Comparison of the experimental diffraction pattern
the MHDDOPTCOB in the SmCFI* phase~top! with the predicted
diffraction pattern for a helical array of four-layer subunits simil
to those described in Figs. 7 and 8.
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rate four-layer superlattice. This can be done in any of
four-layer models including the commensurate helicoi
structures. The sequence of azimuthal angles would the
c0 ,c1 ,c2 ,c3 ,...,(cn1d),(cn111d),... with c j5c j 14 .
The mean angle of rotation per layer isp/41d(Nd /N),
whereNd /N is the proportion of defect layers. Ifd is large,
a small number of defect layers is enough to create a m
surable incommensurability. In such a case, the presenc
defects might be difficult to detect byx-ray diffraction.

X-ray diffraction performed in resonant conditions is
powerful method for structural determination of the structu
of chiral molecules@11#. The application of this method to
s.
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ct

ct
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liquid-crystalline phases is fundamental since it is possible
reveal periodicity in the molecular orientational order. Mor
over, the analysis of the polarization of the diffracted be
offers an easy way of selection between different models
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